Proposition: The difference between a natural number k& and the sum of its digits written in base b is
divisible by (b—1).

Proof: Let k be written as the sum of powers of the base b:

k= cob® + c1b + ... + e, b = Zcibi
1=0

The sum of the digits of k written in base b is

n
S=cyp+c1+...4+c, = E C;
i=0

Then
k—s = Zcibi—ci
i=0
i=0

By the lemma below, b* = % + (b — 1) Z;;%) b, and therefore

n i—1
k—s = > [+ |0b-1> b ]|-1
i=0 j=0
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which is divisible by (b — 1).

Lemma: b" =0+ (b—1) Z?':_Ol b

Note that
Vr=b-b" = b1+ 10" = (b 1)

This applies recursively to 4"~ 1, "2 and so on, until b* = (b — 1)b° + b°. Substituting into the original
equation,

b b=+ b—1)"2 4 ..+ (b—1)b" + (b—1)p° +0b°

n—1
= V+0-1)> Y
=0



